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Summary 

We consider a family S = S(a) of 2-valued transformations of special form on the segment 

[0, 1] with measure /i = J p(x) dX, which is absolutely continuous with respect to the Lebesgue 

measure A. We endow S with a set of weight functions a = {ai(x), 02(2:)} and find a criterion 
of measure invariance under the transformation. This criterion relates the three parameters a , 
p, a to each other. 

Key words: multivalued dynamical system, invariant measure, /3-expansion, Bernoulli 
convolution 

AHHOTaiiMa 

PaccMaTpiiBaerca ceMeftcTBO flBysHa^HBix TpaHC(popMairirit S = S(a) cneiriiajiBHoro bh- 

fla Ha 0Tpe3Ke [0, 1] c Mepofi [i = J p(x)dX, a6cojnoTHO HenpepbiBHoit othochtcjibho MepBi 

JIe6era A. TpaHC<popMarxiia S ocHaniaeTca Ha6opoM bccobbix cpyHKirfiii a = {ai (x), 02(2;)} . 
HaxoflHTca KpHTepiiS iiHBapiiaHTHOCTH MepBi nofl fleitcTBHeM 3aflaHHOit ocHameHHoii TpaHC- 
(popMai(HH. 9tot KpiiTepiiS aBHBiM o6pa30M CBa3biBaeT TpH napaMeTpa: a , p 11 a . 

KjiioMeBBie cjioBa: MHorosHa^Haa flHHaMHiecsaa ciiCTeMa, HHBapHaHTHaa Mepa, /3- 
pa3Ji05KeHne 



1. Introduction. Dynamical system connected to arithmetic 

representation 

Connections between the ergodic theory and the metric number theory are well 
known. One of these connections are arithmetic representations arising in special 
symbolic realization of dynamical systems. 

Let P G (1)2]. Any infinite sequence o\<Ji . .. of zeros and ones is called f3 -expansion 
of number x £ [0, 1] (see [1,2]), provided that 

00 

It is clear that with [3 = 2 we obtain the usual binary representation of number x . 

Every number x £ [0, 1] has at least one /3-expansion which is called canonical, or 
«greedy expansion»: <Jk = [flT k ~ 1 x], k > 1, where Tx = {fix} ([y] and {y} — whole 
and fractional parts of number y £ R) (see [3]). 

1 This article was published (in reduced way) by the author in Russian as Tpomun n.H. 06 HHBa- 
pnaHTHOCTH Mepu fljia OflHOii 2-TpaHc4>opMairfin // Yneuue 3anucKU Ka3aHCK. yHueepcumema. Cep. 
(Du3.-MameM. uaynu. — 2009. — T. 151, kh. 4. — C. 183-191. (P.I. Troshin. On measure invariance for 
a 2-valued transformation. Uchenye zapiski Kazanskogo universiteta. Ser. Phys.-math. nauki, vol. 151, 
no. 4 (2009), pp. 183-191, ISSN 1815-6088). 
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If P G (l, I ' tnen x e P' ■"•] nas a continuum of different /3-expansions [4], if 



(3 G 1+ 2 V ^' , 2j , the same is true for almost every x G [0, 1] [5]. On the other hand, for 

all m € N there exists a base j3 G ( 1+ 2 V ^ , 2^ and a number x G [0, 1] which has exactly 

m different /? -expansions [6]. 

As it is shown in [7], to find an arbitrary /? -expansion of number x\ G [0, 1] , it is 
necessary and sufficient to follow the one of the possible orbit of the point x\ under 
multi- valued transformation S (see fig. [T]) 



ho(x) = (3x, x G 

h\{x) = (3x — (3 + 1, x G 



1 



There is a correspondence between every orbit xi, X2, £3 . . 
of number x\ which can be found by the rule: 

a k = 0, ecjin x k+ i = h (x k ); 



and (3 -expansion a i<J2<7^ . 



cr fc = 1, ecjin xk+i = hx(xk). 

If Xk G [1 — 4, 4] , then we can choose the mapping ho as well as hi to construct xt+i ■ 
Thus we obtain every possible /J-expansions of number x\ . 

To find a canonical /3 -expansion it is necessary and sufficient to follow in the same 
way as before a single- valued orbit under 1 -transformation S2 (see fig.Q]) 



S 2 (x) 




y 
1 



t± 1 x L±P-\ 1 x 

p f 

Figure 1: Scheme of transformations S (on the left) and S2 (on the right) 

By investigating the orbits of points under transformation S2 , we come to the 
conclusion that orbits of all the points except x = 1 are «captured» by the segment 
[0, /?— 1] . Dynamical system ([0,(3— 1] ; S'a | [o,/3— 1] ) was considered in classical papers on 
/^-expansions [1,2,8], in which they found invariant measure equivalent to the Lebesgue 
measure, and also in [7,9], where they calculated top addresses for the iterated function 

system |[0, 1];M X ) = \ x + 1 - ^M x ) = \ x > K/?<2}. 

Transformation S is also tightly connected to the problem of finding every parameter 
(3 G (1,2) which provides nonsingularity of Erdos measure on the segment [0,1], — 
a measure corresponding to a distribution of random variable X^fcLi < J k(3~ k where 
coefficients au G {0,1} are independently chosen with probability 1/2 (this is called 
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Bernoulli convolution problem and it has not been solved yet) (see [10], fine survey on 
the topic can be found in [11]). 

Given a £ (0, ^] , we consider 2 -transformation S = Si U S2 on the segment [0, 1] 
(see fig. [2]) where 



Si (a:) 



j^x, x £ [0, 1 - a); 

,tV-t^> x€[l-a,l], 
Note that in the discussion above /3 



l 

l-o ' 



S 2 (x) 




x e [0, a); 
x e [a, 1]. 






1 x i-a 1 x 

Figure 2: Scheme of 2 -transformation S = Si U S2 



1 x 



Let A be the Lebesgue measure on [0, 1] , 03 — a -field of Borel subsets of [0, 1] . 
Let also n(B) = J B p(x)dX be a measure absolutely continuous with respect to the 
Lebesgue measure, p(x) € i 1 ([0, 1], *B, A) and p{x) > 0. We endow 2 -transformation 
S with a set of weight functions 

q = {ai(x),a 2 (x)}, ati(x), 012(2;) € L ([0, 1], 03, A) 

provided that ai(x) + a 2 (a;) = 1 and ai(x), a 2 (a;) > 0. Henceforth, we consider 2- 
valued dynamical system ([0, 1], 03, n, {S, a}) with the finite measure p. 

According to [12], we obtain a new measure ^5 on 03 by the next formula: 

Hs(B) = J ai(x)p(x)d\+ J a 2 (x)p(x) dX. 

Denote a±(x)p(x) = A±(x) , a 2 {x)p(x) = A 2 (x) . Then A\(x) + A 2 {x) = p(x) and 
fJts(B)= J A 1 (x)dX+ J A 2 (x)dX. 

S I - 1 (B) S-\B) 

There are three independent parameters in the studied construction: density function 
p(x) , number a (parameter of transformation S) and an equipment a = {a>i(x), a 2 (x)} 
{H = fi(p) and S = S(a,a)). When searching for equipped transformation with given 
invariant measure /1 or searching measure which is preserved by given transformation 
S , — we have a certain relation between the parameters to fulfill the equation us = £*• 

This relation is investigated in Lemma Q] and Theorem [TJ In the Corollary [2] 
we particularly discuss the Lebesgue measure(p = 1). The construction defined in 
Theorem [3] gives an example of an invariant measure with non-constant density. 
Two more examples consistent with classical results in ergodic theory are given in 
Corollaries [3] and 03 



2. Main results. Criterion of measure invariance 

Fix three parameters: a£ (0, |] , a = {ai(x), a 2 (x)} and p(x) . Then the condition 
of measure invariance fig = A* is characterized by the following 
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Lemma 1. (1$ = A* */ awd on/?/ «//or almost every x G [0, 1] (iwii/i respect to X) 
Ai((l - a» + Yri-s^ifaMiffl - a)x + a) + A 2 ((l - a)x + a)+ 

+ X [0)I ^)(^2((l-a)x) = ^. (1) 



Proof. Let G x 



1 



Co 



0, ) . Then by changing variables in the 



Lebesgue integral we obtain that for every B € 25 

Hs(B)= J A 1 (x)d\+ J A 1 (x)dX+ J A 2 {x)dX+ 

(l-a)B (l-a)(BnCi)+a (l-a)(BnC 2 ) 

(l-a)B+a 



(1-a) I / Ai((l-a)a;)dA+ / \c 1 {x)A l {{l - a)x + a) dX+ 

KB B 

+ J Xc 2 (x)A 2 ((l - a)x) dX + J A 2 ((l - a)x + a) dX J . (2) 

B B ) 

If [is = then considering arbitrariness of -B g 58 formula ([2]) implies (!]). And 
conversely, by substituting the equality ([1]) into ([2]) , we get fis = A* • d 

Let henceforward 

1 1 

<a<- n£N,n>2. 

n + 1 ~~ n ~~ 

Theorem 1. /jj = /i i/ and cm/?/ «/ i/ie following conditions hold true: 



n-l 



n-2 



^2 p(x + ka) = j^— ^2 P\ \ ~ ^ ) ' G [a,l- (n - 1» 



fc=-i 

n-2 



fc=-l 
n— 3 



(3) 



fc=-i 



fc=-i 



X\ + ka 



xiG[l-(n-l)o,2a); (4) 



ai(x + ma)p(x + ma) = p(x + ka) pi — 

^-^ 1 — a z — ' \ 1 

fe=-l 



fe=-i 



x + ka 



(5) 



where x + ma <G [(to + l)a, (m + 2)a) /or to = 0, n — 3, x + (n — 2)a G — l)a, 1 — a) . 
There is no restriction on function a\{x) on the intervals [0, a) and [1 — a, 1] . 

Proof. Let us consider two cases. 

1. First let < a < |. Then < and formula (J]) can be written in the 

following form: 



P(x) 
1-a 



p((l - a)x) + A 2 ({1 - a)x + a), x € lT ^) 



= < ^i((l - a)x) + A 2 ((l - a)x + a), a; e 



p((l-a)x + a)+Ai((l-a)x), x€ 



a l-2a 
1-a' 1-a 

l-2a 
1-a ' 



(6) 
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Consider the first equation of the system: = p((l — a)x) + A 2 ((l — a)x + a) , 
x e 0, j 2 ^ ^ . Make a change y = (1 — a)x + a, then, for y £ [a, 2a) , 

(V — a\ =p ^ y _ a -j + A2 ^ =p(y- a )+p(y)-A 1 (y). 



1 — a \1 — a 



Consider the second equation of the system: = A\ ((1 — a)x) + A 2 {{\ — a)x + a) , 



x e 



-j^f j . Make a change y = (1 — a)x , then, for ye [a, 1 — 2a) , 

p( 7^— ) = ^i(y) + My + <0 = p(z/ + a) + My) - My + a). 



1 — a \1 — tt ; 



Consider the third equation of the system: = p{{\ — a)x + a) + Ai((l — a)x) , 



x e 



l-2a i 
1-a ' 1 



Make a change y = (1 — a)x , then, for y e [1 — 2a, 1 — a] , 
p(t^-) =p(y + a)+^i(2/)- 



1 — a \ 1 — a 

Thus we obtain: 



= p(y - a)+p(y) - p(£%) , ye [a, 2a); 

A 1 (y + a) = A 1 (y)+p(y + a)-j^p( T ^), y € [a, 1 - 2a); (7) 



= T^p(t^) + [1- 2a, 1-a]. 

Note that for < )/ < a or 1 — a < y < 1 function a\{y) can be arbitrary, because 
equality (Q} doesn't apply any conditions on it. 
Let y e [a, 2a) , then 

. ._. . 1 / y — a 
Ai{y) =p{y- a) +p{y) - p' ' 



1 — a V 1 — a 



Using the second equality of the system J7]) we can get by induction: 



i{y + a)= V p{y + ka)--^— V p^Lt*^ + p (g + a) - - ( 1 ") = 

= £Ky + fca)-T^ E^(S) 

fc=-l fc=-l v 7 



fc=-l fc=-l 



A 1 (y + 2a) = V p(y + fca)- £ p( ^ J + p(y + 2a) - 

^ 1 — a / — ' \ 1 — a J 1 — a 

fc=-i fc=-i v 7 
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A 1 (y + ma)= J2 p(fj + ka) - £ J^-_j, (8) 

fe=-i fc=-i ^ ' 

where m = 1, 2, . . . is such that y + ma — a <G [a, 1 — 2a) , that is 

y e [(2 - m)a, 1 - (m + l)a) n [a, 2a). 

This way the values of function A\ (y) from interval [a, 2a) are induced onto [2a, 3a) , 
[3a, 4a),... The system J7]) can be described by scheme depicted on fig. O in which 
7=1- [^] a ( [x] - whole part of s £ K). 




a y 2a 3a 1-3a 1-2a 1-y1-a 1 



Figure 3: Scheme of induction in system (J7j) 

Let ^q-j- < a < ±, n = 3,4, . . . Note that 7 = 1- (n-l)o (n < i < [£] = n, 

[-jp] = [„] — 1 = n — 1 ) and a < 7 < 2a . We will use system (O again. In order to 
improve visibility we will highlight interesting expression in a chain of inequalities in 
bold. Take yo € [a, 7) , then, for m = n — 2 , 

a < (n — 2)a = a + (n — 3)a < yo + (n — 2)a — a < 1 — (n — l)a + (n — 3)a = 1 — 2a. 
On the other hand, whereas 

1 - 2a < (n - l)a < y + (n - 2)a < 1 - a, 
we can use the formula |(8]) and the third equality of system J7]) : 

1 / Vo + (n — 2)a\ , , . . , . , . . 



n — 2 ^ n—S / . 



1 — a V 1 — a 



fe=-i fe=-X 

which implies formula (J3J. 

Now take y\ e [7, 2a) . If n > 4 , then, for m = n — 3 , 

a < 1 — 3a = 7 + (n — 3)a — a < yi + (n — 3)a — a < 2a + (n — 3)a — a < 1 — 2a. 
On the other hand, whereas 

1 - 2o < yi + (n - 3)a < 1 - a, 

we can write: 

p( yi+} n -V a ) p{yi + {n - 2)0) = A 1 {y 1 + (n - 3)o) = 



1 — a V 1 — a 



n— 3 ^ n-4 ✓ + A;a s 



a 

&=-i fc=-i 
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which implies formula (J4j) - 

If n = 3 , then yi £ [a, 2a) n [1 — 2a, 1 — a] . Therefore, we get formula {4]) by equating 
the first and the third equalities in the system ([7]). 

2. Now let g < a < | . In this case < j 2 ^ and formula (JXJ) can be written in 

the following way: 



I- a 



p((l - a)x) + A 2 ((l - a)x + a), x£ 
p((l — a)x) — a)x + a), xG 



l-2o 



J ' l-a 
1 — 2a a 



(9) 



l-a ' l-a 

- a).T + a) + - a)x), x € I y^, 1 

Consider the first equality of the system: = p((l — a)x) + A 2 ((l — a)x + a) , 



x G 



0, \_£ ) • Make a change y = (1 — a)a; + a, then, for y G [a, 1 — a) , 



1 -a 



l-a 



p(y - «) + 4 2 (y) = p(y - a) +p(y) - A x {y). 



Consider the second equality of the system: = p((l — a)x) + p((l — a)x + a) , 



(10) 



x G 



j . Make a change y = (1 — a)x + a , then, for y 6 [1 — a, 2a) , 



l-a 



y-g 

l-a 



p(y)+p(y - o). 



(11) 



Consider the third equality of the system: j& = ^((1 — a )x + a) + Ai((l — a)x) , 
1 . Make a change y = (1 — a)x, then, for y G [a, 1 — a] , 



x G 



l-a 



1 -a 



p(y + a). 



(12) 



Equating the values of Ai(y) obtained from equations lfT0|) and lfT2|) for y G [a, 1— a) , 
and taking in account equation ifTTj). we exactly get formulae (J3j) ((5j for n = 2. 

Conversely, us = H provided that ©-([5]) hold true. Indeed, these conditions do not 
set a value of ot\{x) in the point 1 — a, but on the interval [a, 1 — a) they are equivalent 
to the system ([7]) (for n > 3) or to conditions (fTUl) - (fT2|) (for n = 2). Therefore almost 
everywhere (excluding point £ = 1 (y = 1 — a)) equality {1} holds true. □ 



For the sake of clarity we provide two Corollaries from the Theorem. 



Corollary 1. Given measure there exists equipped 2 -transformation S(a,a) 

preserving measure fi if and only if parameters p(x) , a and a = {ai(x), 0:2(0:)} suffice 
the conditions |(3])-|(5]). 

Corollary 2. Given equipped 2 -transformation S(a,a), there exists measure fx <C A 
which is preserved by S if and only if the parameters p(x) , a and a = {a>i(x), a 2 {x)} 
suffice the conditions ([3]) -(©• 

An example of trivial density is given in the following Theorem discussing the case 
of the Lebesgue measure ( [i = A , p = 1 ) . 
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Theorem 2. Xg = \ if and only if a = —, n E N , n > 2 , and 



n-l ' x c L n> n 1 ' 

«=3 g r 2 3 \ . 

n-l ' x c L n ' n / ' 

^ n— 1 ' L n ' n , 



On i/ie intervals [0, ^) , f 21 ^)!] function cti(x) is arbitrary. 

Proof. We apply Theorem Q] for p(x) = 1 . The condition loses its meaning, 
because the interval turns into an empty set: 



n+l = 



1 



1 -a 



n, xq € [a, 1 — (n — l)a) 



I 



1 



n + 1 n + 1 



Condition 



l-o 



- 1), xx e [1 - (n - l)a, 2a) 



1 2 



immediately implies a = i . Condition © for m = 0, n — 3 yields the following formula: 



m \ m + 1 n — m — 2 

ax[x-\ )=m + 2 r = — , x€ 

ji/ 1 — — n — 1 



1 2 

n n 



For m = n — 2 the Condition |(5]) loses its meaning, because [(n — l)a, 1 — a) = 
In particular for n = 2 the equipment can be chosen arbitrarily. 
Thus summing up aforesaid we obtain the formula 



n — k 
ai{x) = -, x£ 

71—1 



k-1 k 



, k = 2, n — 1, 



which implies the statement of the Theorem. 

Corollary 3. If a= \, then As = A for every 



□ 



Corollary [3] agrees with a known result [1]: diadic transformation S(x) = 2x ( mod 1) 
preserves the Lebesgue measure. 

However, our construction admits not only trivial density: equalities ©-ji]) are 
possible when p(x) is not a constant. 

Theorem 3. For all n = 2, 3, . . . there exists parameter a, < a < i , density 
p(x) and equipment {ai(x), 0:2(2;)} s?/c/i i/iai /is = M- Furthermore density p(x) is not 
a constant. 



Proof. First consider the case of even 71 
n+w« 2 +i be the r00t of the equat i on 



2 TO . Let a = 



1-a 



1 — ma. 



(13) 



It is easy to verify that 
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Let (3, 7 > . Consider a density given by the step function 

P(x) = (3X[0,rna)(x) + (/3 + 7)(l - mffi)X[ ma ,l_ mo ) (x) +7X[l-ma,l]W- 

Let us show that it suffices the equalities ([3])-f4|) , Thereto henceforward we will use 
conditions lfT3| - lfT4|) . and for better visibility will also highlight interesting parts of 
equalities in bold. 

Consider condition |(3]). Let Xq € [a, 1 — (2m — l)a) . For — 1 < k < m — 2 

x +ka 1 - (2m - l)a + fca l-(m+l)a 

< < < = ma. 

1 — a 1— a 1 — a 

For m - 1 < k < n - 2 

ma a + ka Xo + ka 

1 — ma = < < < 1. 

1— a 1 — a" 1 — a 

For -1 < k < m- 2 

0<x o + ka<l - (2m - l)a + ka < (2m + l)a - (2m. - l)a + ka = a(2 + k) < ma. 
For k = m — 1 

ma = (fc + l)a < xo + ka < 1 — (2m — l)a + ka = 1 — ma. 

For m < fc < n — 1 

1 — ma < (2m + l)a — ma = ma + a<a + afc<xo + ka< 1. 

In the case (3 = 7 = equalities ((3|-((4| are obviously fulfilled. Henceforth, we will 
assume /3 + 7 > . Then 

n-2 / 

X(j-\-ka 



E p ¥7, 

fc=_i v / _ mfj + mj _ m 

'iz, 1 mj3+ ( / 9 + 7)(l — ma) +TO7 1 — ma + m 

}^ p(x + ka) 
fc=-i 

Consider condition |(4]). Let £ [1 — (2m — l)a, 2a) . For — 1 < k < m — 3 

xi + ka 2a + ka ma — a 

< — < — < — < ma. 

1 — a 1 — a 1 — a 

For k = m — 2 

1 — (m + l)a 1 — 2ma + a + ka ^ xi + ka ^ 2a + ka ma 



1— a 1 — a 1 — a 1 — a 1 — a 

= 1 — ma. 

For m , — 1 < k < n . — 3 

1 — 2ma + a + ma — a 1 — (2m — l)a + ka xi + ka 

1 - ma < < < < 1. 

1 — a 1 — a 1 — a 

For -1 < k < m- 2 

< xi + ka < 2a + ka < ma. 
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For m — 1 < k < n — 2 

1 — ma = 1 — (2m — l)a + ma — a < x x + ka < 1. 

Thus 



n— 3 / \ 
s=-l v y 



fe^i V la / (to- l)/3+ (/? + 7 )(l -ma) + (to- 1) 7 m(l - a) 1 

= = 1 — a. 



™- 2 m/? + m 7 

2^ + fca) 

fe=-i 



The case of odd n = 2m — 1, m = 2,3, .. . we will describe in less detail. Let 
n+l 



m-Vm^-m _ »+l-V^T bg the r0Qt Q f the equation 



(m — l)a / 1 1 , 

7 =l-ma -<a<- . (15) 



1 — a \n + 1 n 

Let p(x) = /9x[o,i-ma)(a:) + (P + t)(1 - »ria)X[i-ma,mo) (») + 7X[ma,i](z), where 
P,j> 0. Let us show that p(x) suffices the equalities ((3j) ((4J) . 
Consider condition ([3]). Let xo € [a, 1 — (2m — 2)a) . Then 

. [0, 1 — ma), —1 < fc < m — 3; 
xo + ka I 

G < [1 — ma, ma), k = m — 2; 



1 -a 



xo + A:a € 



(ma, 1), m — 1 < k < n — 2, 

[0,1 -too), -l<fc<m-2; 
[ma, 1), to — 1 < k < n — 1, 



n-2 / \ 



k= 



(to - l)/3 +(/? + 7)(1 - ma) + (to - 1)7 m(l - a) 1 

■ = 1 — a. 



^z, 1 to/? + m7 m 

2^ p(a; + ka) 
fc=-i 

Consider condition ((4]). Let xi G [1 — (2m - 2)a, 2a) . Then 

x\ + ka I (0, 1 — ma), —1 < k < to — 3; 
1 — a 1 [ma, 1), m — 2<fc<n — 3, 

! (0,1 -ma), -l<fc<m-3; 
[1 — too, too), k = m — 2; 
(ma, 1), m — 1 < k < n — 2, 



(to — l)/3 + (m — 1)7 m — 1 

— 1 — a. 



n— 3 / \ 

fc=-i v y 

n ^z? (m - l)/3 + (P + 7)(1 - ma) + (m - 1)7 m - ma 

2_, p(xi + fca) 

It remains to show that for the function ai(x) given by the formula ([5]), < ai (a;) < 1 . 
We will find out a\(x) explicitly. 
Recall formula ((5|: 

1 1 x + ka 



ai {x + sa)p(x + sa) = p(x + ka) — p ( — 

k=-l k=-l ^ 
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where i + ssG 



[(s + l)a,(s + 2)a) fors = 0,n-3; 
[(s + l)a, 1 — a) for s = n — 2. 
To find cti(x) we have to consider 10 following cases. In doing this, we will use 
inequalities from above on numbers x + ka and x ^_^ ■ In cases 1.1.1-2.2.3, when we 
divide by /3 , 7 or (3 + 7 , we assume /3>0,7>0or/3 + 7>0 correspondingly. 
Otherwise ((3 = 0, 7 = or /3 + 7 = 0) the values of ai(x + sa) can be chosen 
arbitrarily (ai(x) G L 1 , < cti(x) < 1). 

1. n = 2m. Note here that ^ = 1 - ma. 
1.1. x G [a, 1 — (n - l)o) . 

1.1.1. < s < m - 2, then 

ai (x + sa) = - ({s + 2)/3 - — !— (s + l)(3] =s + 2- f±l 
p\ 1 — a / 1— a 

1.1.2. s = m — 1 , then 



ai(a; + sa) 



f ( s + l)P + (l3 + 1 )(l-ma)--^—{s + \)[3\= (16) 



(/3 + 7)(l-ma) V l-a v ; / + 7 

1.1.3. to < s < n - 2, then 

ai (a; + sa) = 

= — (to/3 + (/3 + 7)(1 — ma) + (s — to + 1)7 (m/3 + (s — m + 1)7) 

TV 1 - a 

= — [ (1 — ma)7 + (s — to + 1)7 (s — m + 1)7 

7 V 1 - a 

a(2m — s — 1) 
~ 1 -a ' 

1.2. Z G [1 - (n - l)a,2a). 

1.2.1. < s < m - 2, then 

ai(x + sa) = 1 f (s + 2)/3 - -J— (a + 1)/?) = s + 2 - £±i 
p\ 1 — a / 1— a 

1.2.2. to. -l<s<n-3, then 
ati(x + sa) = — (to/3 + (s — to + 2)7— 



7 



((m - l)/3 + (/3 + 7)(1 - ma) + (s-m+ 1)7) 



1 - a 



a(2m — s — 2) 



1 -a 



2. n = 2m — 1 . Note here that ( -™_^ a = 1 — too . 
2.1. x G [a, 1 - (2m - 2)a). 
2.1.1. < s < m - 2, then 

ai(x + sa) = 1 ( (s + 2)/3 - -?—(s + l)p] =s + 2- 

p\ 1 — a / 1— a 
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2.1.2. m-l<s<n-2, then 

a,\(x + sa) = — ( m0 + (s — to + 2)7 - 
7 V 



1 * , , / . , \ a(2m — s — 2) 

-((m - 1)0 + {0 + 7)(1 - ma) + (s - m + 1)7 1 



1 — a / 1 — a 

2.2. xe[l - (2m-2)o,2o). 

2.2.1. < s < m - 3, then 

ai(.T + sa) = i f ( s + 2)/3 - — ^— (s + 1)0) = s + 2 + 

p\ 1 — a / 1— a 

2.2.2. s = m - 2, then 

+ sa) = 

1 



(s + 1)0 + (/? + 7 )(1 - ma) - (s + 1)0) = 



(/? + 7)(l -ma) V l-a v ' J + j' 

2.2.3. m-l<s<n-3, then 

aAx + sa) = - I (m - l)/3 + (/3 + 7VI - ma) + (s - m + 2)7 - 
7 \ 

1 // ~s n , x\ a(2m — s — 3) 

-((m- 1)/? + (s-m + 2)7) ' 



1 — a / 1 — a 



We sum up formulae for a\{x) obtained above in more compact way. 
For n = 2m , x G [a, 1 — (n — l)a) , 



s + 2-f±±, 0<s<to-2; 



+ sa) = < ^p^:, s — m— 1; 



a(n— s— 1) 



TO < S < 77 , — 2. 



For 77 = 2to , x G [1 — (n — l)a, 2a) 

ai(x + sa)=< a ( n _s_2) 



s + 2-f±±, 0<s<to-2; 



l-a 



to — 1 < s < n — 3. 



For 77 = 2to — 1 , x G [a, 1 — (n — l)a) , 



[ s + 2- f±I, < s < to- 2; 
ai(a; + sa) = < a(n - s -i) c 

l-a ' 



777 — 1 < S < 77 — 2. 



For 77 = 2to — 1 , x G [1 — (77 — l)a, 2a) , 

s + 2-f±±, 0<s<to-3; 



a 1 (x + sa) = \ j^, s = m-2 

a(n— s— 2) 
T^a ' 



777 — 1<S<77 — 3. 



Thus < ai(x) < 1 , since for k = 1, 2 



1 — too s + 1 1 — 2a — sa 1 — 2a 

0< <s + 2 = <- < 1, 0<s<to-2, 

1— a 1 — a 1 — a 1— a 

a a(n — s — k) am 

< < — < < 1, 777 - 1 < s < 77 - 3. 

1 — a 1— a 1— a 

Using Theorem[T]for an equipment a given by the formula ((5j) we obtain (is = yu • □ 



ON MEASURE INVARIANCE FOR A 2 -VALUED TRANSFORMATION 



13 



Remark. In the proof of Theorem [3] we have actually found a family of densities 
depending on two parameters (3, 7 > . 

As an example we provide the plots of density p(x) and weight function ai(x) for 
the case of n = 10, see fig. HI We used /3 = 1, 7 = 2, ax(x) = cos a; for x G [0,a), 
ai(x) = sinx for x G [1 — a, 1] . 



0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0 

Figure 4: Density p(x) plot (to the left) and weight function oti(x) plot (to the right), here 

n = 10 



Corollary 4. For all /?, 7 > chosen in the proof of Theorem^ 



(\ViW\ — \ (l + " 2 ^ nyjn 2 +T) ((3 + 7), n is even; 
M[ ' J j ~ \ (1 - n 2 + nV^ 2- I) 08 + 7), n is odd. 

7n particular we can chose (3 + 7 smc/i i/zai A*([0, 1]) = 1 . 

Proof. If n = 2m, then ma = (n + 1 - aAi 2 + l)/2 (see formula {13])) and 



M([0, 1]) = / (PX[0,ma){x) + (/3 + 7)(l - rna)X[ma,l-ma)(x) + 7X[l-ma,l] ( x )) dA = 

(ma + (1 - ma)(l - 2ma)) (/3 + 7) = (l + n 2 - ny/n 2 + l) {(3 + 7). 



If n = 2m — 1 , then ma = (n + 1 — V?? 2 — T)/2 (see formula (fl5|) ) and 



A*([0, 1]) = / (^X[0,l-mo)(») + (/3 + 7)(! - "ia)X[l-ma,ma)(l) + 7X[mo,l] ( X )) dA = 

Jo 

= (2ma(l - ma)) (/3 + 7) = (l - n 2 + ny/n 2 - lj {(3 + 7). 

□ 

As a conclusion let us consider the following. Let n = 2 . By Theorem [3] for the 
number a= ^1 G (|, ±] and density p(x) = /3x[o, a) (a) a)X[a,i-a) 0*0 (we use 

7 = 0) (is = M- Condition |(5]) turns to the following: 

ai(a;)p(i) = p(x - a) + p(x) - — — p( % — - J , x G [a, 1 - a). 

1— a \ 1 — a J 

Then a: - a G [0, 1 - 2a) C [0, a) , fff G 0, = [0, a) and we obtain 

ax(x)/3 = — -- f/3 + /3(1 - a) - ^— j9 ) = 
l-a \ 1 — a / 



14 



P.I. TROSHIN 



(this result also follows from formula (fl6|) given in the proof of Theorem [3]) . 

Let us take a±(x) = 0, at2(%) = 1. This case corresponds to single- valued dynamical 
system ([0, 1], 23, /j,, £2) consisting of one function S2 • The support of a measure of such 
system lays inside [0, 1 — a] . Being restricted to [0, 1 — a] , transformation ^2 coincides 
with the mapping 

Tx = x ( mod 1 — a), 

1 — a 

acting by the rule Tx = (1 — a) j ^i\yi ■ Note that = v/ ^ +1 is a «golden 

ratio» (being also a «simple /3-number», see [2]). On the fig. [5] we depict the plot of 
transformation ^2 in the square [0, 1] x [0, 1] and the plot of mapping T in the smaller 
square [0, 1 — a] x [0, 1 — a] . 




a l-o 1 x 



Figure 5: Scheme of transformations S2 and Tx = j-^a;(mod 1 — a) 
(in the small square region) 



Let us normalize the density p(x) such that n([0, 1 — a]) = 1 — a: 

r\—a 

H([0, 1 - a]) = / p(x) d\ = /3a + (3(1 - a)(l - 2a) = 1 - a, 



whence /? = 5+ 1 3 v/ ^ , /3(1 — a) = 54 1 ^ . For the sake of simplicity we let also p(l — a) = 

(since p(.x) is defined A -almost everywhere). 
Thus we get invariant measure for the dynamical system ([0, 1 — a], 23', //, T) (here 
23' is a a -field obtained by intersecting sets from 23 with the segment [0, 1 — a] , // = 

Ml*')' 

Corollary 5. Transformation S2\[o,i- a ]( x ) = T 1 ^ 1 [0,1 — a] — > [0, 1 — a] preserves 
measure n'{p) with density 



p(x) 



5+3x/5 n ^ , 3-V5 . 
10 ' — 2 ' 

10 ' 2 — — 2 ' 



This agrees with classical result (adapted for the segment [0, 1 — a] ) obtained by 
A. Renyi in [1] (see also [2]): transformation T is ergodic and has a unique invariant 
measure (with density p(x) ) equivalent to the Lebesgue measure. 
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